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In This Week

• Application of FEM to Plane Truss and Frame Problems

• Computer Implementation 

• Concept of Error and Convergence
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Steps in Finite Element Method

Boundary Value Problem
Discretization of the Domain
Derivation of Element Equations
Assembly of Element Equations based on Element Connectivity
Imposition of Boundary Conditions
Solutions
Post-processing 
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Recall: Element Formulation

F

1D Bar Problem

Element: Building block

𝐾𝐾𝑒𝑒 𝑢𝑢𝑒𝑒 = 𝑄𝑄𝑒𝑒

2

𝑢𝑢1𝑒𝑒,𝑄𝑄1𝑒𝑒 𝑢𝑢2𝑒𝑒,𝑄𝑄2𝑒𝑒

𝐴𝐴𝑒𝑒 ,𝐸𝐸𝑒𝑒 , 𝐿𝐿𝑒𝑒1

𝐾𝐾𝑒𝑒 = 𝐴𝐴𝑒𝑒𝐸𝐸𝑒𝑒
𝐿𝐿𝑒𝑒

1 −1
−1 1

𝑢𝑢𝑒𝑒 =
𝑢𝑢1𝑒𝑒

𝑢𝑢2𝑒𝑒
𝑄𝑄𝑒𝑒 =

𝑄𝑄1𝑒𝑒

𝑄𝑄2𝑒𝑒

Element Equation

𝑥̅𝑥�𝑦𝑦 Element/ Local 
coordinate

𝑥𝑥
𝑦𝑦

e NPTEL



f(x)
Euler-Bernoulli Beam

Element: Building block

𝐾𝐾𝑒𝑒 𝑢𝑢𝑒𝑒 = 𝐹𝐹𝑒𝑒
Element Equation

2

𝑢𝑢1𝑒𝑒 = 𝑤𝑤1𝑒𝑒

𝐼𝐼𝑒𝑒 ,𝐸𝐸𝑒𝑒 , 𝐿𝐿𝑒𝑒1

𝑢𝑢3𝑒𝑒 = 𝑤𝑤2𝑒𝑒

𝑢𝑢2𝑒𝑒 = 𝜃𝜃1𝑒𝑒 𝑢𝑢4𝑒𝑒 = 𝜃𝜃2𝑒𝑒

𝑄𝑄1𝑒𝑒 𝑄𝑄3𝑒𝑒
𝑄𝑄2𝑒𝑒 𝑄𝑄4𝑒𝑒

f(x)
𝐾𝐾𝑒𝑒 =2𝐸𝐸𝑒𝑒𝐼𝐼𝑒𝑒

𝐿𝐿𝑒𝑒3

6 −3𝐿𝐿𝑒𝑒 −6 −3𝐿𝐿𝑒𝑒
−3𝐿𝐿𝑒𝑒 2𝐿𝐿𝑒𝑒2 3𝐿𝐿𝑒𝑒 𝐿𝐿𝑒𝑒2
−6 3𝐿𝐿𝑒𝑒 6 3𝐿𝐿𝑒𝑒
−3𝐿𝐿𝑒𝑒 𝐿𝐿𝑒𝑒2 3𝐿𝐿𝑒𝑒 2𝐿𝐿𝑒𝑒2

𝑓𝑓𝑖𝑖𝑒𝑒=∫𝑥𝑥1
𝑥𝑥2 𝑓𝑓(𝑥𝑥)𝜙𝜙𝑖𝑖𝑒𝑒 𝑑𝑑𝑑𝑑

𝑥𝑥
𝑦𝑦

𝑥̅𝑥�𝑦𝑦 Element/ Local 
coordinate

Recall: Element Formulation

𝐹𝐹𝑒𝑒 = 𝑓𝑓𝑒𝑒 + 𝑄𝑄𝑒𝑒
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Plane Truss

𝑥𝑥
𝑦𝑦

Global 
coordinate

�𝐾𝐾𝑒𝑒 = 𝐴𝐴𝑒𝑒𝐸𝐸𝑒𝑒
𝐿𝐿𝑒𝑒

1 0 −1 0
0 0 0 0
−1 0 1 0
0 0 0 0

�𝐾𝐾𝑒𝑒 �𝑢𝑢𝑒𝑒 = �𝑄𝑄𝑒𝑒

𝐓𝐓𝐞𝐞

Local 
to 

Global

2

1 𝑥̅𝑥�𝑦𝑦 Element/ Local 
coordinate

�𝐾𝐾𝑒𝑒 = 𝐴𝐴𝑒𝑒𝐸𝐸𝑒𝑒
𝐿𝐿𝑒𝑒

1 −1
−1 1

e

�𝑢𝑢1𝑒𝑒, �𝑄𝑄1𝑒𝑒

�𝑢𝑢2𝑒𝑒, �𝑄𝑄2𝑒𝑒 𝐴𝐴𝑒𝑒 ,𝐸𝐸𝑒𝑒 , 𝐿𝐿𝑒𝑒

2

1

�𝑢𝑢4𝑒𝑒, �𝑄𝑄4𝑒𝑒 �𝑢𝑢3𝑒𝑒, �𝑄𝑄3𝑒𝑒

𝑥̅𝑥�𝑦𝑦

e

𝐴𝐴𝑒𝑒 ,𝐸𝐸𝑒𝑒 , 𝐿𝐿𝑒𝑒

2

1 𝑢𝑢1𝑒𝑒,𝑄𝑄1𝑒𝑒

𝑢𝑢2𝑒𝑒,𝑄𝑄2𝑒𝑒

𝑢𝑢3𝑒𝑒,𝑄𝑄3𝑒𝑒
𝑢𝑢4𝑒𝑒,𝑄𝑄4𝑒𝑒

𝑥𝑥
𝑦𝑦

e

Element Formulation
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Plane Frame

𝑥̅𝑥�𝑦𝑦�𝑢𝑢1𝑒𝑒, �𝑄𝑄1𝑒𝑒

�𝑢𝑢2𝑒𝑒, �𝑄𝑄2𝑒𝑒
2

1

�𝑢𝑢5𝑒𝑒, �𝑄𝑄5𝑒𝑒
�𝑢𝑢4𝑒𝑒, �𝑄𝑄4𝑒𝑒

�𝑢𝑢3𝑒𝑒, �𝑄𝑄3𝑒𝑒

�𝑢𝑢6𝑒𝑒, �𝑄𝑄6𝑒𝑒

e

�𝑢𝑢1𝑒𝑒, �𝑄𝑄1𝑒𝑒

2

1

�𝑢𝑢4𝑒𝑒, �𝑄𝑄4𝑒𝑒

e �𝑢𝑢2𝑒𝑒, �𝑄𝑄2𝑒𝑒
2

1

�𝑢𝑢5𝑒𝑒, �𝑄𝑄5𝑒𝑒

�𝑢𝑢3𝑒𝑒, �𝑄𝑄3𝑒𝑒

�𝑢𝑢6𝑒𝑒, �𝑄𝑄6𝑒𝑒

e= +

𝐴𝐴𝑒𝑒𝐸𝐸𝑒𝑒
𝐿𝐿𝑒𝑒

1 −1
−1 1

1 4
1
4

2𝐸𝐸𝑒𝑒𝐼𝐼𝑒𝑒
𝐿𝐿𝑒𝑒3

6 −3𝐿𝐿𝑒𝑒 −6 −3𝐿𝐿𝑒𝑒
−3𝐿𝐿𝑒𝑒 2𝐿𝐿𝑒𝑒2 3𝐿𝐿𝑒𝑒 𝐿𝐿𝑒𝑒2
−6 3𝐿𝐿𝑒𝑒 6 3𝐿𝐿𝑒𝑒
−3𝐿𝐿𝑒𝑒 𝐿𝐿𝑒𝑒2 3𝐿𝐿𝑒𝑒 2𝐿𝐿𝑒𝑒2

2 3 5 6

6
5
3
2

1D bar
Beam

Element Formulation
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Plane Frame

𝑥̅𝑥�𝑦𝑦�𝑢𝑢1𝑒𝑒, �𝑄𝑄1𝑒𝑒

�𝑢𝑢2𝑒𝑒, �𝑄𝑄2𝑒𝑒
2

1

�𝑢𝑢5𝑒𝑒, �𝑄𝑄5𝑒𝑒
�𝑢𝑢4𝑒𝑒, �𝑄𝑄4𝑒𝑒

�𝑢𝑢3𝑒𝑒, �𝑄𝑄3𝑒𝑒

�𝑢𝑢6𝑒𝑒, �𝑄𝑄6𝑒𝑒

e

𝐴𝐴𝑒𝑒𝐸𝐸𝑒𝑒
𝐿𝐿𝑒𝑒

1 −1
−1 1

1 4
1
4

�𝐾𝐾𝑒𝑒 =
2𝐸𝐸𝑒𝑒𝐼𝐼𝑒𝑒
𝐿𝐿𝑒𝑒3

𝜇𝜇 0 0 −𝜇𝜇 0 0
0 6 −3𝐿𝐿𝑒𝑒 0 −6 −3𝐿𝐿𝑒𝑒
0 −3𝐿𝐿𝑒𝑒 2𝐿𝐿𝑒𝑒2 0 3𝐿𝐿𝑒𝑒 𝐿𝐿𝑒𝑒2
−𝜇𝜇 0 0 𝜇𝜇 0 0
0 −6 3𝐿𝐿𝑒𝑒 0 6 3𝐿𝐿𝑒𝑒
0 −3𝐿𝐿𝑒𝑒 𝐿𝐿𝑒𝑒2 0 3𝐿𝐿𝑒𝑒 2𝐿𝐿𝑒𝑒2

2𝐸𝐸𝑒𝑒𝐼𝐼𝑒𝑒
𝐿𝐿𝑒𝑒3

6 −3𝐿𝐿𝑒𝑒 −6 −3𝐿𝐿𝑒𝑒
−3𝐿𝐿𝑒𝑒 2𝐿𝐿𝑒𝑒2 3𝐿𝐿𝑒𝑒 𝐿𝐿𝑒𝑒2
−6 3𝐿𝐿𝑒𝑒 6 3𝐿𝐿𝑒𝑒
−3𝐿𝐿𝑒𝑒 𝐿𝐿𝑒𝑒2 3𝐿𝐿𝑒𝑒 2𝐿𝐿𝑒𝑒2

2 3 5 6

6
5
3
2

1 2 3 4 5 6

4
3
2
1

6
5

Element Formulation

𝜇𝜇 =
𝐴𝐴𝑒𝑒𝐿𝐿𝑒𝑒2

2𝐼𝐼𝑒𝑒NPTEL



Plane Frame

𝑥̅𝑥�𝑦𝑦�𝑢𝑢1𝑒𝑒, �𝑄𝑄1𝑒𝑒

�𝑢𝑢2𝑒𝑒, �𝑄𝑄2𝑒𝑒
2

1

�𝑢𝑢5𝑒𝑒, �𝑄𝑄5𝑒𝑒
�𝑢𝑢4𝑒𝑒, �𝑄𝑄4𝑒𝑒

�𝑢𝑢3𝑒𝑒, �𝑄𝑄3𝑒𝑒

�𝑢𝑢6𝑒𝑒, �𝑄𝑄6𝑒𝑒

e
�𝐾𝐾𝑒𝑒 =

2𝐸𝐸𝑒𝑒𝐼𝐼𝑒𝑒
𝐿𝐿𝑒𝑒3

𝜇𝜇 0 0 −𝜇𝜇 0 0
0 6 −3𝐿𝐿𝑒𝑒 0 −6 −3𝐿𝐿𝑒𝑒
0 −3𝐿𝐿𝑒𝑒 2𝐿𝐿𝑒𝑒2 0 3𝐿𝐿𝑒𝑒 𝐿𝐿𝑒𝑒2
−𝜇𝜇 0 0 𝜇𝜇 0 0
0 −6 3𝐿𝐿𝑒𝑒 0 6 3𝐿𝐿𝑒𝑒
0 −3𝐿𝐿𝑒𝑒 𝐿𝐿𝑒𝑒2 0 3𝐿𝐿𝑒𝑒 2𝐿𝐿𝑒𝑒2

1 2 3 4 5 6

4
3
2
1

6
5

2

1
𝑢𝑢1𝑒𝑒,𝑄𝑄1𝑒𝑒

𝑢𝑢2𝑒𝑒,𝑄𝑄2𝑒𝑒
𝑢𝑢4𝑒𝑒,𝑄𝑄4𝑒𝑒

𝑢𝑢5𝑒𝑒,𝑄𝑄5𝑒𝑒

𝑥𝑥
𝑦𝑦

e

𝑢𝑢6𝑒𝑒,𝑄𝑄6𝑒𝑒

𝑢𝑢3𝑒𝑒,𝑄𝑄3𝑒𝑒

𝐓𝐓𝐞𝐞

Local 
to 

Global

Element Formulation

𝜇𝜇 =
𝐴𝐴𝑒𝑒𝐿𝐿𝑒𝑒2

2𝐼𝐼𝑒𝑒NPTEL



Truss Vs. Frame
Element Formulation

𝐴𝐴𝑒𝑒 ,𝐸𝐸𝑒𝑒 , 𝐿𝐿𝑒𝑒

2

1 𝑢𝑢1𝑒𝑒,𝑄𝑄1𝑒𝑒

𝑢𝑢2𝑒𝑒,𝑄𝑄2𝑒𝑒

𝑢𝑢3𝑒𝑒,𝑄𝑄3𝑒𝑒
𝑢𝑢4𝑒𝑒,𝑄𝑄4𝑒𝑒

𝑥𝑥
𝑦𝑦

e

Truss Frame

2

1
𝑢𝑢1𝑒𝑒,𝑄𝑄1𝑒𝑒

𝑢𝑢2𝑒𝑒,𝑄𝑄2𝑒𝑒
𝑢𝑢4𝑒𝑒,𝑄𝑄4𝑒𝑒

𝑢𝑢5𝑒𝑒,𝑄𝑄5𝑒𝑒

𝑥𝑥
𝑦𝑦

e

𝑢𝑢6𝑒𝑒,𝑄𝑄6𝑒𝑒

𝑢𝑢3𝑒𝑒,𝑄𝑄3𝑒𝑒NPTEL



Transformation from Local Coordinate to Global Coordinate
Element Formulation

�𝑢𝑢1𝑒𝑒, �𝑄𝑄1𝑒𝑒

�𝑢𝑢2𝑒𝑒, �𝑄𝑄2𝑒𝑒

2

1

�𝑢𝑢5𝑒𝑒, �𝑄𝑄5𝑒𝑒
�𝑢𝑢4𝑒𝑒, �𝑄𝑄4𝑒𝑒

�𝑢𝑢3𝑒𝑒, �𝑄𝑄3𝑒𝑒

�𝑢𝑢6𝑒𝑒, �𝑄𝑄6𝑒𝑒

e
2

1
𝑢𝑢1𝑒𝑒,𝑄𝑄1𝑒𝑒

𝑢𝑢2𝑒𝑒,𝑄𝑄2𝑒𝑒
𝑢𝑢4𝑒𝑒,𝑄𝑄4𝑒𝑒

𝑢𝑢5𝑒𝑒,𝑄𝑄5𝑒𝑒

𝑥𝑥
𝑦𝑦

e

𝑢𝑢6𝑒𝑒,𝑄𝑄6𝑒𝑒

𝑢𝑢3𝑒𝑒,𝑄𝑄3𝑒𝑒

𝐓𝐓𝐞𝐞

𝑥̅𝑥�𝑦𝑦
𝐾𝐾𝑒𝑒 𝑢𝑢𝑒𝑒 = 𝐹𝐹𝑒𝑒�𝐾𝐾𝑒𝑒 �𝑢𝑢𝑒𝑒 = �𝐹𝐹𝑒𝑒

NPTEL



Transformation from Local Coordinate to Global Coordinate

𝑥̅𝑥�𝑦𝑦

𝑥𝑥

𝑦𝑦

𝑂𝑂
α

𝑥̅𝑥
�𝑦𝑦 = cos𝛼𝛼 sin𝛼𝛼

− sin𝛼𝛼 cos𝛼𝛼
𝑥𝑥
𝑦𝑦

𝑢𝑢1𝑒𝑒

𝑢𝑢2𝑒𝑒
2

1

𝑢𝑢5𝑒𝑒
𝑢𝑢4𝑒𝑒

𝑢𝑢3𝑒𝑒

𝑢𝑢6𝑒𝑒

e

𝑥𝑥
𝑦𝑦

�𝑢𝑢1𝑒𝑒

�𝑢𝑢2𝑒𝑒
2

1

�𝑢𝑢5𝑒𝑒
�𝑢𝑢4𝑒𝑒

�𝑢𝑢3𝑒𝑒

�𝑢𝑢6𝑒𝑒

e

𝑥̅𝑥�𝑦𝑦

�𝑢𝑢1𝑒𝑒

�𝑢𝑢2𝑒𝑒

�𝑢𝑢3𝑒𝑒
=

cos𝛼𝛼 sin𝛼𝛼 0
− sin𝛼𝛼 cos𝛼𝛼 0

0 0 1

𝑢𝑢1𝑒𝑒

𝑢𝑢2𝑒𝑒

𝑢𝑢3𝑒𝑒

�𝑢𝑢4𝑒𝑒

�𝑢𝑢5𝑒𝑒

�𝑢𝑢6𝑒𝑒
=

cos𝛼𝛼 sin𝛼𝛼 0
− sin𝛼𝛼 cos𝛼𝛼 0

0 0 1

𝑢𝑢4𝑒𝑒

𝑢𝑢5𝑒𝑒

𝑢𝑢6𝑒𝑒

NPTEL



Transformation from Local Coordinate to Global Coordinate

�𝑢𝑢1𝑒𝑒

�𝑢𝑢2𝑒𝑒
2

1

�𝑢𝑢5𝑒𝑒
�𝑢𝑢4𝑒𝑒

�𝑢𝑢3𝑒𝑒

�𝑢𝑢6𝑒𝑒

e

𝑢𝑢1𝑒𝑒

𝑢𝑢2𝑒𝑒
2

1

𝑢𝑢5𝑒𝑒
𝑢𝑢4𝑒𝑒

𝑢𝑢3𝑒𝑒

𝑢𝑢6𝑒𝑒

e

𝑥𝑥
𝑦𝑦

𝑥̅𝑥�𝑦𝑦

�𝑢𝑢1𝑒𝑒

�𝑢𝑢2𝑒𝑒

�𝑢𝑢3𝑒𝑒

�𝑢𝑢4𝑒𝑒

�𝑢𝑢5𝑒𝑒

�𝑢𝑢6𝑒𝑒

=

cos𝛼𝛼 sin𝛼𝛼 0 0 0 0
− sin𝛼𝛼 cos𝛼𝛼 0 0 0 0

0 0 1 0 0 0
0 0 0 cos𝛼𝛼 sin𝛼𝛼 0
0 0 0 − sin𝛼𝛼 cos𝛼𝛼 0
0 0 0 0 0 1

𝑢𝑢1𝑒𝑒

𝑢𝑢2𝑒𝑒

𝑢𝑢3𝑒𝑒

𝑢𝑢4𝑒𝑒

𝑢𝑢5𝑒𝑒

𝑢𝑢6𝑒𝑒

�𝑢𝑢𝑒𝑒 = 𝑇𝑇𝑒𝑒 𝑢𝑢𝑒𝑒

𝑇𝑇𝑒𝑒 Trasformation Matrix

𝑇𝑇𝑒𝑒 𝑇𝑇𝑒𝑒 𝑇𝑇 = 𝐼𝐼 Orthogonal

NPTEL



Transformation from Local Coordinate to Global Coordinate

�𝑢𝑢1𝑒𝑒

�𝑢𝑢2𝑒𝑒

�𝑢𝑢3𝑒𝑒

�𝑢𝑢4𝑒𝑒

�𝑢𝑢5𝑒𝑒

�𝑢𝑢6𝑒𝑒

=

cos𝛼𝛼 sin𝛼𝛼 0 0 0 0
− sin𝛼𝛼 cos𝛼𝛼 0 0 0 0

0 0 1 0 0 0
0 0 0 cos𝛼𝛼 sin𝛼𝛼 0
0 0 0 − sin𝛼𝛼 cos𝛼𝛼 0
0 0 0 0 0 1

𝑢𝑢1𝑒𝑒

𝑢𝑢2𝑒𝑒

𝑢𝑢3𝑒𝑒

𝑢𝑢4𝑒𝑒

𝑢𝑢5𝑒𝑒

𝑢𝑢6𝑒𝑒

Similarly
�𝐹𝐹𝑒𝑒 = 𝑇𝑇𝑒𝑒 𝐹𝐹𝑒𝑒

�𝑢𝑢1𝑒𝑒

�𝑢𝑢2𝑒𝑒
2

1

�𝑢𝑢5𝑒𝑒
�𝑢𝑢4𝑒𝑒

�𝑢𝑢3𝑒𝑒

�𝑢𝑢6𝑒𝑒

e

𝑢𝑢1𝑒𝑒

𝑢𝑢2𝑒𝑒
2

1

𝑢𝑢5𝑒𝑒
𝑢𝑢4𝑒𝑒

𝑢𝑢3𝑒𝑒

𝑢𝑢6𝑒𝑒

e

𝑥𝑥
𝑦𝑦

𝑥̅𝑥�𝑦𝑦

�𝑢𝑢𝑒𝑒 = 𝑇𝑇𝑒𝑒 𝑢𝑢𝑒𝑒NPTEL



Transformation from Local Coordinate to Global Coordinate

�𝐾𝐾𝑒𝑒 �𝑢𝑢𝑒𝑒 = �𝐹𝐹𝑒𝑒

⇒ �𝐾𝐾𝑒𝑒 𝑇𝑇𝑒𝑒 𝑢𝑢𝑒𝑒 = 𝑇𝑇𝑒𝑒 𝐹𝐹𝑒𝑒�𝐹𝐹𝑒𝑒 = 𝑇𝑇𝑒𝑒 𝐹𝐹𝑒𝑒

�𝑢𝑢𝑒𝑒 = 𝑇𝑇𝑒𝑒 𝑢𝑢𝑒𝑒

⇒ 𝑇𝑇𝑒𝑒 −1 �𝐾𝐾𝑒𝑒 𝑇𝑇𝑒𝑒 𝑢𝑢𝑒𝑒 = 𝐹𝐹𝑒𝑒𝑇𝑇𝑒𝑒 𝑇𝑇𝑒𝑒 𝑇𝑇 = 𝐼𝐼

⇒ 𝑇𝑇𝑒𝑒 𝑇𝑇 �𝐾𝐾𝑒𝑒 𝑇𝑇𝑒𝑒 𝑢𝑢𝑒𝑒 = 𝐹𝐹𝑒𝑒

⇒ 𝐾𝐾𝑒𝑒 𝑢𝑢𝑒𝑒 = 𝐹𝐹𝑒𝑒
𝐹𝐹𝑒𝑒 = 𝑇𝑇𝑒𝑒 𝑇𝑇 �𝐹𝐹𝑒𝑒 NPTEL



Summary: Frame

𝑇𝑇𝑒𝑒 =

cos𝛼𝛼 sin𝛼𝛼 0 0 0 0
− sin𝛼𝛼 cos𝛼𝛼 0 0 0 0

0 0 1 0 0 0
0 0 0 cos𝛼𝛼 sin𝛼𝛼 0
0 0 0 − sin𝛼𝛼 cos𝛼𝛼 0
0 0 0 0 0 1 𝐾𝐾𝑒𝑒 𝑢𝑢𝑒𝑒 = 𝐹𝐹𝑒𝑒

𝐹𝐹𝑒𝑒 = 𝑇𝑇𝑒𝑒 𝑇𝑇 �𝐹𝐹𝑒𝑒

𝐾𝐾𝑒𝑒 = 𝑇𝑇𝑒𝑒 𝑇𝑇 �𝐾𝐾𝑒𝑒 𝑇𝑇𝑒𝑒

�𝐾𝐾𝑒𝑒 =
2𝐸𝐸𝑒𝑒𝐼𝐼𝑒𝑒
𝐿𝐿𝑒𝑒3

𝜇𝜇 0 0 −𝜇𝜇 0 0
0 6 −3𝐿𝐿𝑒𝑒 0 −6 −3𝐿𝐿𝑒𝑒
0 −3𝐿𝐿𝑒𝑒 2𝐿𝐿𝑒𝑒2 0 3𝐿𝐿𝑒𝑒 𝐿𝐿𝑒𝑒2
−𝜇𝜇 0 0 𝜇𝜇 0 0
0 −6 3𝐿𝐿𝑒𝑒 0 6 3𝐿𝐿𝑒𝑒
0 −3𝐿𝐿𝑒𝑒 𝐿𝐿𝑒𝑒2 0 3𝐿𝐿𝑒𝑒 2𝐿𝐿𝑒𝑒2

2

1

e

α

1 2

1 2

1

2

1

2
𝜇𝜇 =

𝐴𝐴𝑒𝑒𝐿𝐿𝑒𝑒2

2𝐼𝐼𝑒𝑒

NPTEL



Summary: Truss

𝑇𝑇𝑒𝑒 =

cos𝛼𝛼 sin𝛼𝛼 0 0
− sin𝛼𝛼 cos𝛼𝛼 0 0

0 0 cos𝛼𝛼 sin𝛼𝛼
0 0 − sin𝛼𝛼 cos𝛼𝛼

𝐾𝐾𝑒𝑒 𝑢𝑢𝑒𝑒 = 𝐹𝐹𝑒𝑒

𝐹𝐹𝑒𝑒 = 𝑇𝑇𝑒𝑒 𝑇𝑇 �𝐹𝐹𝑒𝑒

𝐾𝐾𝑒𝑒 = 𝑇𝑇𝑒𝑒 𝑇𝑇 �𝐾𝐾𝑒𝑒 𝑇𝑇𝑒𝑒

2

1

e

α

1 2

1

2

1 2

1

2
�𝐾𝐾𝑒𝑒 = 𝐴𝐴𝑒𝑒𝐸𝐸𝑒𝑒

𝐿𝐿𝑒𝑒

1 0 −1 0
0 0 0 0
−1 0 1 0
0 0 0 0
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Finite Element Method
Week 6: Finite element formulation for plane trusses and frames

Lecture 28: Analysis of Plane Truss
Biswanath Banerjee 
Associate Professor
Department of Civil Engineering
IIT Kharagpur

Amit Shaw
Associate Professor
Department of Civil Engineering
IIT Kharagpur

NPTEL



60O

A

B

C

F

FE Analysis of Plane Truss: Example
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Recall: Truss

𝐾𝐾𝑒𝑒 = 𝑇𝑇𝑒𝑒 𝑇𝑇 �𝐾𝐾𝑒𝑒 𝑇𝑇𝑒𝑒

2

1

e

α

𝑇𝑇𝑒𝑒 =

cos𝛼𝛼 sin𝛼𝛼 0 0
− sin𝛼𝛼 cos𝛼𝛼 0 0

0 0 cos𝛼𝛼 sin𝛼𝛼
0 0 − sin𝛼𝛼 cos𝛼𝛼

1 2

1

2

1 2

1

2
�𝐾𝐾𝑒𝑒 = 𝐴𝐴𝑒𝑒𝐸𝐸𝑒𝑒

𝐿𝐿𝑒𝑒

1 0 −1 0
0 0 0 0
−1 0 1 0
0 0 0 0

Element Stiffness Matrix in Local Coordinate 

Element Stiffness Matrix in Global Coordinate 
NPTEL



Recall: Truss

𝐾𝐾𝑒𝑒 =

cos𝛼𝛼 sin𝛼𝛼 0 0
− sin𝛼𝛼 cos𝛼𝛼 0 0

0 0 cos𝛼𝛼 sin𝛼𝛼
0 0 − sin𝛼𝛼 cos𝛼𝛼

𝑇𝑇

𝐴𝐴𝑒𝑒𝐸𝐸𝑒𝑒
𝐿𝐿𝑒𝑒

1 0 −1 0
0 0 0 0
−1 0 1 0
0 0 0 0

cos𝛼𝛼 sin𝛼𝛼 0 0
− sin𝛼𝛼 cos𝛼𝛼 0 0

0 0 cos𝛼𝛼 sin𝛼𝛼
0 0 − sin𝛼𝛼 cos𝛼𝛼

[ ]




















−−
−−

−−
−−

=⇒

22

22

22

22

yyxyyx

yxxyxx

yyxyyx

yxxyxx

λλλλλλ
λλλλλλ
λλλλλλ
λλλλλλ

e

eee

L
EAK

αcos=xλ αsin=yλ

4
3
2

1
1 2 3 4

𝐴𝐴𝑒𝑒 ,𝐸𝐸𝑒𝑒 , 𝐿𝐿𝑒𝑒

2

1 𝑢𝑢1𝑒𝑒,𝑄𝑄1𝑒𝑒

𝑢𝑢2𝑒𝑒,𝑄𝑄2𝑒𝑒

𝑢𝑢3𝑒𝑒,𝑄𝑄3𝑒𝑒
𝑢𝑢4𝑒𝑒,𝑄𝑄4𝑒𝑒

𝑥𝑥
𝑦𝑦

e
α Properties
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Recall: Truss

𝐴𝐴𝑒𝑒 ,𝐸𝐸𝑒𝑒 , 𝐿𝐿𝑒𝑒

2

1 𝑢𝑢1𝑒𝑒,𝑄𝑄1𝑒𝑒

𝑢𝑢2𝑒𝑒,𝑄𝑄2𝑒𝑒

𝑢𝑢3𝑒𝑒,𝑄𝑄3𝑒𝑒
𝑢𝑢4𝑒𝑒,𝑄𝑄4𝑒𝑒

𝑥𝑥
𝑦𝑦

e
α Properties

Load Vector

𝐹𝐹𝑒𝑒 = 𝑇𝑇𝑒𝑒 𝑇𝑇 �𝐹𝐹𝑒𝑒

⇒ 𝑄𝑄𝑒𝑒 = 𝑇𝑇𝑒𝑒 𝑇𝑇 �𝑄𝑄𝑒𝑒

Element Equation





















=









































−−
−−

−−
−−

e

e

e

e

e

e

e

e

yyxyyx

yxxyxx

yyxyyx

yxxyxx

u
u
u
u

λλλλλλ
λλλλλλ
λλλλλλ
λλλλλλ

4

3

2

1

4

3

2

1

22

22

22

22

Q
Q
Q
Q

L
EA
e

ee

αsin=xλ αcos=yλ

NPTEL



60O

A

B

C

P

FE Analysis of Plane Truss: Example

• Boundary Value Problem
• Discretization of the Domain
• Derivation of Element Equations
• Assembly of Element Equations based on 

Element Connectivity
• Imposition of Boundary Conditions
• Solutions
• Post-processing 

Recall: Steps in Finite Element Method

Today’s Focus

NPTEL



60O

A

B

C

P

60O

1
2

3
4

5
6

2

1

2

3

1

3

Step 1: Discretization

NPTEL



60O

1
2

3
4

5
6

2

1

2

3

1

3

Step 1: Discretization

120O

Element 
Number

Global nodes 
of the element 

(1 – 2)

Geometric 
and Material 

properties

α

1 3 – 1 A, E, L 60O

2 2 – 1 A, E, L 120O

3 3 – 2 A, E, L 0

𝐴𝐴𝑒𝑒 ,𝐸𝐸𝑒𝑒 , 𝐿𝐿𝑒𝑒

2

1 𝑢𝑢1𝑒𝑒,𝑄𝑄1𝑒𝑒

𝑢𝑢2𝑒𝑒,𝑄𝑄2𝑒𝑒

𝑢𝑢3𝑒𝑒,𝑄𝑄3𝑒𝑒
𝑢𝑢4𝑒𝑒,𝑄𝑄4𝑒𝑒

𝑥𝑥
𝑦𝑦

e
α Properties

NPTEL



2

1

3

𝑢𝑢31,𝑄𝑄31
𝑢𝑢41,𝑄𝑄41

𝑢𝑢42,𝑄𝑄42

𝑢𝑢32,𝑄𝑄32

𝑢𝑢11,𝑄𝑄11

𝑢𝑢21,𝑄𝑄21

𝑢𝑢22,𝑄𝑄22

𝑢𝑢12,𝑄𝑄12

𝑢𝑢23,𝑄𝑄23

𝑢𝑢13,𝑄𝑄13

𝑢𝑢43,𝑄𝑄43

𝑢𝑢33,𝑄𝑄33

1

3

3
2

1

2

Step 1: Discretization

Element 
Number

Global nodes 
of the element 

(1 – 2)

Geometric 
and Material 

properties

α

1 3 – 1 A, E, L 60O

2 2 – 1 A, E, L 120O

3 3 – 2 A, E, L 0

NPTEL



1

𝑢𝑢31,𝑄𝑄31
𝑢𝑢41,𝑄𝑄41

𝑢𝑢11,𝑄𝑄11

𝑢𝑢21,𝑄𝑄21

1

3

Step 2: Element Equation
Element Nodes

(1 – 2)
Properties α λx 

(cosα)
λy

(sinα)
3 – 1 A, E, L 60O 23211





















=









































−−
−−

−−
−−

1
4

1
3

1
2

1
1

1
4

1
3

1
2

1
1

43434343
43414341
43434343
43414341

Q
Q
Q
Q

u
u
u
u

L
AE

1
2

3
4

5
6

2

1

3

1 2

3





















=









































−−
−−

−−
−−

e

e

e

e

e

e

e

e

yyxyyx

yxxyxx

yyxyyx

yxxyxx

u
u
u
u

λλλλλλ
λλλλλλ
λλλλλλ
λλλλλλ

4

3

2

1

4

3

2

1

22

22

22

22

Q
Q
Q
Q

L
EA
e

ee

3

3

1

1

Element DOF

Global DOF
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Step 2: Element Equation
Element Nodes

(1 – 2)
Properties α λx 

(cosα)
λy

(sinα)
2 – 1 A, E, L 120O

3 – 2 A, E, L 0O
2321−2

1
2

3
4

5
6

2

1

3

1 2

3

Global DOF

2

𝑢𝑢42,𝑄𝑄42

𝑢𝑢32,𝑄𝑄32

𝑢𝑢22,𝑄𝑄22

𝑢𝑢12,𝑄𝑄12

1

2




















=









































−−
−−
−−

−−

2
4

2
3

2
2

2
1

2
4

2
3

2
2

2
1

43434343
43414341

43434343
43414341

Q
Q
Q
Q

u
u
u
u

L
AE

3

𝑢𝑢23,𝑄𝑄23

𝑢𝑢13,𝑄𝑄13

𝑢𝑢43,𝑄𝑄43

𝑢𝑢33,𝑄𝑄33
3

2





















=







































−

−

3
4

3
3

3
2

3
1

3
4

3
3

3
2

3
1

0000
0101
0000
0101

Q
Q
Q
Q

u
u
u
u

L
AE

3 1 0
2

2
1

1

3

3

2

2

2

3

NPTEL



Step 2: Element Equation





















=









































−−
−−

−−
−−

1
4

1
3

1
2

1
1

1
4

1
3

1
2

1
1

43434343
43414341
43434343
43414341

Q
Q
Q
Q

u
u
u
u

L
AE

3
3

1

1

1





















=







































−

−

3
4

3
3

3
2

3
1

3
4

3
3

3
2

3
1

0000
0101
0000
0101

Q
Q
Q
Q

u
u
u
u

L
AE

3
3

2

2
3





















=









































−−
−−
−−

−−

2
4

2
3

2
2

2
1

2
4

2
3

2
2

2
1

43434343
43414341

43434343
43414341

Q
Q
Q
Q

u
u
u
u

L
AE

2
2

1

1

2

𝑢𝑢31,𝑄𝑄31

𝑢𝑢41,𝑄𝑄41
𝑢𝑢42,𝑄𝑄42

𝑢𝑢32,𝑄𝑄32

𝑢𝑢11,𝑄𝑄11
𝑢𝑢21,𝑄𝑄21

𝑢𝑢22,𝑄𝑄22

𝑢𝑢12,𝑄𝑄12

𝑢𝑢23,𝑄𝑄23

𝑢𝑢13,𝑄𝑄13

𝑢𝑢43,𝑄𝑄43

𝑢𝑢33,𝑄𝑄33

1

3

3 2

1

2

1
2

3
1

2

3
4

5
6

2

1

3

1 2

3

NPTEL



Step 3: Assembly of Element Equation Based on Element Connectivity

1

𝑢𝑢31,𝑄𝑄31
𝑢𝑢41,𝑄𝑄41

𝑢𝑢11,𝑄𝑄11

𝑢𝑢21,𝑄𝑄21

1

3

3

𝑢𝑢23,𝑄𝑄23

𝑢𝑢13,𝑄𝑄13

𝑢𝑢43,𝑄𝑄43

𝑢𝑢33,𝑄𝑄33
3

2

2

𝑢𝑢42,𝑄𝑄42

𝑢𝑢32,𝑄𝑄32

𝑢𝑢22,𝑄𝑄22

𝑢𝑢12,𝑄𝑄12

1

2

• Inter-element continuity of the 
primary variables                     
(displacement compatibility)

• Inter-element equilibrium of the 
secondary variable                  
(force equilibrium)NPTEL



Step 3: Assembly of Element Equation Based on Element Connectivity

Displacement compatibility

Compatible 

Incompatible 
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Step 3: Assembly of Element Equation Based on Element Connectivity

1

𝑢𝑢31,𝑄𝑄31
𝑢𝑢41,𝑄𝑄41

𝑢𝑢11,𝑄𝑄11

𝑢𝑢21,𝑄𝑄21

1

3

2

𝑢𝑢42,𝑄𝑄42

𝑢𝑢32,𝑄𝑄32

𝑢𝑢22,𝑄𝑄22

𝑢𝑢12,𝑄𝑄12

1

2

• Displacement compatibility

2

1

3

1 2

3

𝑢𝑢1
𝑢𝑢2

𝑢𝑢3

𝑢𝑢4
𝑢𝑢5

𝑢𝑢6

𝑢𝑢31 = 𝑢𝑢32 = 𝑢𝑢1 𝑢𝑢41 = 𝑢𝑢42 = 𝑢𝑢2

𝑢𝑢12 = 𝑢𝑢33 = 𝑢𝑢3 𝑢𝑢22 = 𝑢𝑢43 = 𝑢𝑢43

𝑢𝑢23,𝑄𝑄23

𝑢𝑢13,𝑄𝑄13

𝑢𝑢43,𝑄𝑄43

𝑢𝑢33,𝑄𝑄33
3

2

𝑢𝑢13 = 𝑢𝑢11 = 𝑢𝑢5 𝑢𝑢23 = 𝑢𝑢21 = 𝑢𝑢6

Node 2

Node 1

Node 3

NPTEL



Step 3: Assembly of Element Equation Based on Element Connectivity

1

𝑢𝑢31,𝑄𝑄31
𝑢𝑢41,𝑄𝑄41

𝑢𝑢11,𝑄𝑄11

𝑢𝑢21,𝑄𝑄21

1

3

2

𝑢𝑢42,𝑄𝑄42

𝑢𝑢32,𝑄𝑄32

𝑢𝑢22,𝑄𝑄22

𝑢𝑢12,𝑄𝑄12

1

2

• Force Equilibrium

2

1

3

1 2

3

P

𝑄𝑄31 + 𝑄𝑄32 = 0 𝑄𝑄41 + 𝑄𝑄42 = −𝑃𝑃

𝑄𝑄12 + 𝑄𝑄33 = 0 𝑄𝑄22 + 𝑄𝑄43 = 𝑉𝑉23

𝑢𝑢23,𝑄𝑄23

𝑢𝑢13,𝑄𝑄13

𝑢𝑢43,𝑄𝑄43

𝑢𝑢33,𝑄𝑄33
3

2

𝑄𝑄13 + 𝑄𝑄11 = 𝐻𝐻3 𝑄𝑄23 + 𝑄𝑄21 = 𝑉𝑉3

Node 2

Node 1

Node 3

V3 V2

H3

NPTEL



Step 3: Assembly of Element Equation Based on Element Connectivity

1
2

3
4

5
6

2

1

2

3

1

3

𝐹𝐹 =

𝑄𝑄31 + 𝑄𝑄32

𝑄𝑄41 + 𝑄𝑄42

𝑄𝑄12 + 𝑄𝑄33

𝑄𝑄22 + 𝑄𝑄43

𝑄𝑄13 + 𝑄𝑄11

𝑄𝑄23 + 𝑄𝑄21

=

0
−𝑃𝑃
0
𝑉𝑉2
𝐻𝐻3
𝑉𝑉3

𝑢𝑢 =

𝑢𝑢1
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4
𝑢𝑢5
𝑢𝑢6

𝐾𝐾 𝑢𝑢 = 𝐹𝐹

Global 
Displacement 

Vector
Global Load 

Vector

Global Stiffness Matrix𝐾𝐾

NPTEL



Step 3: Assembly of Element Equation Based on Element Connectivity
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𝑢𝑢5
𝑢𝑢6
𝑢𝑢1
𝑢𝑢2

𝑢𝑢3
𝑢𝑢4
𝑢𝑢1
𝑢𝑢2

𝑢𝑢5
𝑢𝑢6
𝑢𝑢3
𝑢𝑢4

2

3

1

𝑢𝑢31 = 𝑢𝑢32 = 𝑢𝑢1
𝑢𝑢41 = 𝑢𝑢42 = 𝑢𝑢2
𝑢𝑢12 = 𝑢𝑢33 = 𝑢𝑢3
𝑢𝑢22 = 𝑢𝑢43 = 𝑢𝑢4
𝑢𝑢13 = 𝑢𝑢11 = 𝑢𝑢5
𝑢𝑢23 = 𝑢𝑢21 = 𝑢𝑢6

C
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Step 3: Assembly of Element Equation Based on Element Connectivity
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5              6               1              2

3 4 1              2

5     6      3    4

𝑢𝑢31 = 𝑢𝑢32 = 𝑢𝑢1
𝑢𝑢41 = 𝑢𝑢42 = 𝑢𝑢2
𝑢𝑢12 = 𝑢𝑢33 = 𝑢𝑢3
𝑢𝑢22 = 𝑢𝑢43 = 𝑢𝑢4
𝑢𝑢13 = 𝑢𝑢11 = 𝑢𝑢5
𝑢𝑢23 = 𝑢𝑢21 = 𝑢𝑢6
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Step 3: Assembly of Element Equation Based on Element Connectivity
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𝑄𝑄31 + 𝑄𝑄32

𝑄𝑄41 + 𝑄𝑄42

𝑄𝑄12 + 𝑄𝑄33

𝑄𝑄22 + 𝑄𝑄43

𝑄𝑄13 + 𝑄𝑄11

𝑄𝑄23 + 𝑄𝑄21

𝐹𝐹1
𝐹𝐹2
𝐹𝐹3
𝐹𝐹4
𝐹𝐹5
𝐹𝐹6
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Step 3: Assembly of Element Equation Based on Element Connectivity
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𝑄𝑄31 + 𝑄𝑄32

𝑄𝑄41 + 𝑄𝑄42

𝑄𝑄12 + 𝑄𝑄33

𝑄𝑄22 + 𝑄𝑄43

𝑄𝑄13 + 𝑄𝑄11

𝑄𝑄23 + 𝑄𝑄21
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Step 3: Assembly of Element Equation Based on Element Connectivity
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Step 3: Assembly of Element Equation Based on Element Connectivity
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Step 3: Assembly of Element Equation Based on Element Connectivity





















=









































−−
−−

−−
−−

1
4

1
3

1
2

1
1

2

1

6

5

     

43434343
43414341
43434343
43414341

Q
Q
Q
Q

u
u
u
u

L
AE





















=









































−−
−−
−−

−−

2
4

2
3

2
2

2
1

2

1

4

3

    

43434343
43414341

43434343
43414341

Q
Q
Q
Q

u
u
u
u

L
AE





















=







































−

−

3
4

3
3

3
2

3
1

4

3

6

5

    

0000
0101
0000
0101

Q
Q
Q
Q

u
u
u
u

L
AE

2

3

1
5              6               1              2

3 4 1              2

5     6      3    4

=

𝑄𝑄31 + 𝑄𝑄32

𝑄𝑄41 + 𝑄𝑄42

𝑄𝑄12 + 𝑄𝑄33

𝑄𝑄22 + 𝑄𝑄43

𝑄𝑄13 + 𝑄𝑄11

𝑄𝑄23 + 𝑄𝑄21

𝐹𝐹1
𝐹𝐹2
𝐹𝐹3
𝐹𝐹4
𝐹𝐹5
𝐹𝐹6

NPTEL
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Step 4: Imposition of Boundary Conditions
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Step 5: Solution
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�𝑢𝑢3𝑒𝑒
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�𝑄𝑄2𝑒𝑒
�𝑄𝑄3𝑒𝑒
�𝑄𝑄4𝑒𝑒

�𝑢𝑢1𝑒𝑒, �𝑄𝑄1𝑒𝑒

�𝑢𝑢2𝑒𝑒, �𝑄𝑄2𝑒𝑒 𝐴𝐴𝑒𝑒 ,𝐸𝐸𝑒𝑒 , 𝐿𝐿𝑒𝑒

2

1

�𝑢𝑢4𝑒𝑒, �𝑄𝑄4𝑒𝑒 �𝑢𝑢3𝑒𝑒, �𝑄𝑄3𝑒𝑒

𝑥̅𝑥�𝑦𝑦

e

Step 5: Solution

Member Force 
�𝑄𝑄3𝑒𝑒 = − �𝑄𝑄1𝑒𝑒

�𝑄𝑄3𝑒𝑒 =
𝐴𝐴𝐸𝐸
𝐿𝐿

−�𝑢𝑢1𝑒𝑒 + �𝑢𝑢3𝑒𝑒
1

𝑢𝑢11

3

𝑢𝑢2

𝑢𝑢5

𝑢𝑢6
α = 60O

𝑥𝑥
𝑦𝑦

�𝑢𝑢1𝑒𝑒

�𝑢𝑢2𝑒𝑒

�𝑢𝑢3𝑒𝑒

�𝑢𝑢4𝑒𝑒
=

cos𝛼𝛼 sin𝛼𝛼 0 0
− sin𝛼𝛼 cos𝛼𝛼 0 0

0 0 cos𝛼𝛼 sin𝛼𝛼
0 0 − sin𝛼𝛼 cos𝛼𝛼

𝑢𝑢5
𝑢𝑢6
𝑢𝑢1
𝑢𝑢2

⇒ �𝑄𝑄3𝑒𝑒 =
𝐴𝐴𝐸𝐸
𝐿𝐿 −cos𝛼𝛼 − sin𝛼𝛼 cos𝛼𝛼 sin𝛼𝛼

𝑢𝑢5
𝑢𝑢6
𝑢𝑢1
𝑢𝑢2

⇒ �𝑄𝑄3𝑒𝑒 = −0.577𝑃𝑃

⇒ �𝑄𝑄3𝑒𝑒 =
𝐴𝐴𝐸𝐸
𝐿𝐿 −

1
2

−
3

2
1
2

3
2

𝑃𝑃𝑃𝑃
𝐴𝐴𝐴𝐴

0
0

0.1433
−0.7500
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Step 5: Solution
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Finite Element Method
Week 6: Finite element formulation for plane trusses and frames
Lecture 29: Analysis of Plane Truss (Computer Implementation)
Biswanath Banerjee 
Associate Professor
Department of Civil Engineering
IIT Kharagpur

Amit Shaw
Associate Professor
Department of Civil Engineering
IIT Kharagpur
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60O

A

B

C

P

FE Analysis of Plane Truss: Example

• Boundary Value Problem
• Discretization of the Domain
• Derivation of Element Equations
• Assembly of Element Equations based on 

Element Connectivity
• Imposition of Boundary Conditions
• Solutions
• Post-processing 

Recall: Steps in Finite Element Method
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Step 3: Assembly of Element Equation Based on Element Connectivity
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0      
2
1

4
3

4
3

4
3

4
1

−−

−−

4
3

4
3

4
3

4
5

−

−

4
3

4
3

4
3

4
1

−−

−−

0    0
  
  

0     1−

0    0
  
  

0     1−

4
3   

4
3

4
3     

4
1

−

−

4
3

4
3

4
3 

4
5L

AE

5                6              1               2
5          
6           
1           
2



















−−
−−

−−
−−

43434343
43414341
43434343
43414341

L
AE

[ ]=1K





















−−
−−
−−

−−

43434343
43414341

43434343
43414341

L
AE

3                4             1              2
3          
4           
1           
2

5      6       3    4
5          
6           
3           
4

















−

−

0000
0101
0000
0101

L
AE

[ ]=2K

[ ]=3K

1

2

3

4

5

6

1               2           3            4             5             6 
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Finite Element Method
Week 6: Finite element formulation for plane trusses and frames

Lecture 30: Analysis of Euler-Bernoulli Beam (Computer Implementation)
Biswanath Banerjee 
Associate Professor
Department of Civil Engineering
IIT Kharagpur

Amit Shaw
Associate Professor
Department of Civil Engineering
IIT Kharagpur
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Element: Building block

Shape Functions

2

𝑢𝑢1𝑒𝑒 = 𝑤𝑤1𝑒𝑒

𝐼𝐼𝑒𝑒 ,𝐸𝐸𝑒𝑒 , 𝐿𝐿𝑒𝑒1

𝑢𝑢3𝑒𝑒 = 𝑤𝑤2𝑒𝑒

𝑢𝑢2𝑒𝑒 = 𝜃𝜃1𝑒𝑒 𝑢𝑢4𝑒𝑒 = 𝜃𝜃2𝑒𝑒

𝑄𝑄1𝑒𝑒 𝑄𝑄3𝑒𝑒
𝑄𝑄2𝑒𝑒 𝑄𝑄4𝑒𝑒

f(x)

f(x)

𝑥𝑥
𝑦𝑦

𝜙𝜙1𝑒𝑒 = 1 − 3
𝑥̅𝑥
𝐿𝐿𝑒𝑒

2

+ 2
𝑥̅𝑥
𝐿𝐿𝑒𝑒

3

𝜙𝜙2𝑒𝑒 = −𝑥̅𝑥 1 −
𝑥̅𝑥
𝐿𝐿𝑒𝑒

2

𝜙𝜙3𝑒𝑒 = 3
𝑥̅𝑥
𝐿𝐿𝑒𝑒

2

− 2
𝑥̅𝑥
𝐿𝐿𝑒𝑒

3

𝜙𝜙4𝑒𝑒 = −𝑥̅𝑥
𝑥̅𝑥
𝐿𝐿𝑒𝑒

2

−
𝑥̅𝑥
𝐿𝐿𝑒𝑒

�𝑦𝑦
𝑥̅𝑥

0 0.2 0.4 0.6 0.8 1
-0.2

-0.1

0

0.1

0.2

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Recall: Element Formulation (Euler-Bernoulli Beam) 

𝜙𝜙1𝑒𝑒 𝜙𝜙3𝑒𝑒

𝜙𝜙2𝑒𝑒

𝜙𝜙4𝑒𝑒
NPTEL



Element: Building block

2

𝑢𝑢1𝑒𝑒 = 𝑤𝑤1𝑒𝑒

𝐼𝐼𝑒𝑒 ,𝐸𝐸𝑒𝑒 , 𝐿𝐿𝑒𝑒1

𝑢𝑢3𝑒𝑒 = 𝑤𝑤2𝑒𝑒

𝑢𝑢2𝑒𝑒 = 𝜃𝜃1𝑒𝑒 𝑢𝑢4𝑒𝑒 = 𝜃𝜃2𝑒𝑒

𝑄𝑄1𝑒𝑒 𝑄𝑄3𝑒𝑒
𝑄𝑄2𝑒𝑒 𝑄𝑄4𝑒𝑒

f(x)

f(x)

𝑥𝑥
𝑦𝑦

�𝑦𝑦
𝑥̅𝑥

Recall: Element Formulation (Euler-Bernoulli Beam) 

2𝐸𝐸𝑒𝑒𝐼𝐼𝑒𝑒
𝐿𝐿𝑒𝑒3

6 −3𝐿𝐿𝑒𝑒 −6 −3𝐿𝐿𝑒𝑒
−3𝐿𝐿𝑒𝑒 2𝐿𝐿𝑒𝑒2 3𝐿𝐿𝑒𝑒 𝐿𝐿𝑒𝑒2
−6 3𝐿𝐿𝑒𝑒 6 3𝐿𝐿𝑒𝑒
−3𝐿𝐿𝑒𝑒 𝐿𝐿𝑒𝑒2 3𝐿𝐿𝑒𝑒 2𝐿𝐿𝑒𝑒2

𝑢𝑢1𝑒𝑒

𝑢𝑢2𝑒𝑒

𝑢𝑢3𝑒𝑒

𝑢𝑢4𝑒𝑒
=

𝑓𝑓1𝑒𝑒

𝑓𝑓2𝑒𝑒

𝑓𝑓3𝑒𝑒

𝑓𝑓4𝑒𝑒
+

𝑄𝑄1𝑒𝑒

𝑄𝑄2𝑒𝑒

𝑄𝑄3𝑒𝑒

𝑄𝑄4𝑒𝑒

𝑓𝑓𝑖𝑖𝑒𝑒=∫𝑥𝑥1
𝑥𝑥2 𝜙𝜙𝑖𝑖𝑒𝑒𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑 = ∫0

𝐿𝐿𝑒𝑒 𝜙𝜙𝑖𝑖𝑒𝑒(𝑥̅𝑥)𝑓𝑓(𝑥̅𝑥)𝑑𝑑𝑥̅𝑥

Element Equation

Element 
Stiffness Matrix

Element 
Displacement 

Vector

Element Load 
Vector

ℎ

1 2

1

2

NPTEL



Element: Building block

2

𝑢𝑢1𝑒𝑒 = 𝑤𝑤1𝑒𝑒

𝐼𝐼𝑒𝑒 ,𝐸𝐸𝑒𝑒 , 𝐿𝐿𝑒𝑒1

𝑢𝑢3𝑒𝑒 = 𝑤𝑤2𝑒𝑒

𝑢𝑢2𝑒𝑒 = 𝜃𝜃1𝑒𝑒 𝑢𝑢4𝑒𝑒 = 𝜃𝜃2𝑒𝑒

𝑄𝑄1𝑒𝑒 𝑄𝑄3𝑒𝑒
𝑄𝑄2𝑒𝑒 𝑄𝑄4𝑒𝑒

f(x)

f(x)

𝑥𝑥
𝑦𝑦

�𝑦𝑦
𝑥̅𝑥

Recall: Element Formulation (Euler-Bernoulli Beam) 

2𝐸𝐸𝑒𝑒𝐼𝐼𝑒𝑒
ℎ3

6 −3ℎ −6 −3ℎ
−3ℎ 2ℎ2 3ℎ ℎ2
−6 3ℎ 6 3ℎ
−3ℎ ℎ2 3ℎ 2ℎ2

𝑢𝑢1𝑒𝑒

𝑢𝑢2𝑒𝑒

𝑢𝑢3𝑒𝑒

𝑢𝑢4𝑒𝑒
=

𝑓𝑓1𝑒𝑒

𝑓𝑓2𝑒𝑒

𝑓𝑓3𝑒𝑒

𝑓𝑓4𝑒𝑒
+

𝑄𝑄1𝑒𝑒

𝑄𝑄2𝑒𝑒

𝑄𝑄3𝑒𝑒

𝑄𝑄4𝑒𝑒

Element Equation

Element 
Stiffness Matrix

Element 
Displacement 

Vector

Element Load 
Vector

ℎ

1

2

1 2

𝑓𝑓𝑖𝑖𝑒𝑒=∫𝑥𝑥1
𝑥𝑥2 𝜙𝜙𝑖𝑖𝑒𝑒𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑 = ∫0

ℎ 𝜙𝜙𝑖𝑖𝑒𝑒(𝑥̅𝑥)𝑓𝑓(𝑥̅𝑥)𝑑𝑑𝑥̅𝑥

NPTEL



Euler-Bernoulli Beam: Example 

10 kN/m
10 kN

15 kNm4 m
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Euler-Bernoulli Beam Example: Discretization 

10 kN/m
10 kN

15 kNm4 m

1 1 2

1 2 3 4 5 6

2 3

Element 
Number

Global nodes 
of the element 

(1 – 2)

Geometric 
and Material 

properties
1 1 – 2 E,I, h = 2
2 2 – 3 E,I, h = 2

NPTEL



Euler-Bernoulli Beam Example: Element Formulation

10 kN/m
10 kN

15 kNm4 m

1 1 2

1 2 3 4 5 6

2 3

1 2
1 2 3 4

1
2
3
4

1

2
𝐾𝐾1 = 𝐸𝐸𝐼𝐼

1.5 −1.5 −1.5 −1.5
−1.5 2 1.5 1
−1.5 1.5 1.5 1.5
−1.5 1 1.5 2

2 3
3 4 5 6

3
4
5
6  

2

3
𝐾𝐾2 = 𝐸𝐸𝐼𝐼

1.5 −1.5 −1.5 −1.5
−1.5 2 1.5 1
−1.5 1.5 1.5 1.5
−1.5 1 1.5 2

𝐾𝐾𝑒𝑒 =
2𝐸𝐸𝑒𝑒𝐼𝐼𝑒𝑒
ℎ3

6 −3ℎ −6 −3ℎ
−3ℎ 2ℎ2 3ℎ ℎ2
−6 3ℎ 6 3ℎ
−3ℎ ℎ2 3ℎ 2ℎ2

Element 
Number

Global nodes 
of the element 

(1 – 2)

Geometric 
and Material 

properties
1 1 – 2 E,I, h = 2
2 2 – 3 E,I, h = 2

NPTEL



1

1 1 2

3 52 4 6

2 3

𝐹𝐹1𝑒𝑒

𝐹𝐹2𝑒𝑒

𝐹𝐹3𝑒𝑒

𝐹𝐹4𝑒𝑒
=

𝑓𝑓1𝑒𝑒

𝑓𝑓2𝑒𝑒

𝑓𝑓3𝑒𝑒

𝑓𝑓4𝑒𝑒
+

𝑄𝑄1𝑒𝑒

𝑄𝑄2𝑒𝑒

𝑄𝑄3𝑒𝑒

𝑄𝑄4𝑒𝑒

10 kN/m
10 kN

15 kNm4 m

𝑓𝑓𝑖𝑖𝑒𝑒 = �
0

ℎ
𝜙𝜙𝑖𝑖𝑒𝑒(𝑥̅𝑥)𝑓𝑓(𝑥̅𝑥)𝑑𝑑𝑥̅𝑥

𝑓𝑓 𝑥̅𝑥 = 𝑞𝑞,For

𝑓𝑓1𝑒𝑒

𝑓𝑓2𝑒𝑒

𝑓𝑓3𝑒𝑒

𝑓𝑓4𝑒𝑒
=
𝑞𝑞𝑞
12

6
−ℎ
6
ℎ

𝑞𝑞 = −10 kN/m and ℎ = 2m

𝐹𝐹11

𝐹𝐹21

𝐹𝐹31

𝐹𝐹41

=
1
3

−30
10
−30
−10

+

𝑄𝑄11

𝑄𝑄21

𝑄𝑄31

𝑄𝑄41

1

2

1

2

3

4

𝐹𝐹12

𝐹𝐹22

𝐹𝐹32

𝐹𝐹42

=
1
3

−30
10
−30
−10

+

𝑄𝑄11

𝑄𝑄21

𝑄𝑄31

𝑄𝑄41

2

3

3

4

5

6

Euler-Bernoulli Beam Example: Element Formulation
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1

1 1 2

3 52 4 6

2 3

𝐹𝐹11

𝐹𝐹21

𝐹𝐹31

𝐹𝐹41

=
1
3

−30
10
−30
−10

+

𝑄𝑄11

𝑄𝑄21

𝑄𝑄31

𝑄𝑄41

1

2

1

2

3

4

𝐹𝐹12

𝐹𝐹22

𝐹𝐹32

𝐹𝐹42

=
1
3

−30
10
−30
−10

+

𝑄𝑄11

𝑄𝑄21

𝑄𝑄31

𝑄𝑄41

2

3

3

4

5

6

𝐹𝐹1
𝐹𝐹2
𝐹𝐹3
𝐹𝐹4
𝐹𝐹5
𝐹𝐹6

=

𝐹𝐹11

𝐹𝐹21

𝐹𝐹31 + 𝐹𝐹12

𝐹𝐹41 + 𝐹𝐹22

𝐹𝐹32

𝐹𝐹42

+

𝑄𝑄11

𝑄𝑄21

𝑄𝑄31 + 𝑄𝑄12

𝑄𝑄41 + 𝑄𝑄22

𝑄𝑄32

𝑄𝑄42

⇒

𝐹𝐹1
𝐹𝐹2
𝐹𝐹3
𝐹𝐹4
𝐹𝐹5
𝐹𝐹6

=
1
3

−30
10
−60

0
−30
−10

+

𝑉𝑉𝑅𝑅
𝑀𝑀𝑅𝑅
0
0

−10
−15

10 kN/m
10 kN

15 kNm4 mVR

MR

VR

-15

0
0
-10

MR

Euler-Bernoulli Beam Example: Assembly (Global Equation)
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1

1 1 2

3 52 4 6

2 3 𝐾𝐾 = 𝐸𝐸𝐼𝐼

1.5 −1.5 −1.5 −1.5 0 0
−1.5 2 1.5 1 0 0
−1.5 1.5 3 0 −1.5 −1.5
−1.5 1 0 4 1.5 1

0 0 −1.5 1.5 1.5 1.5
0 0 −1.5 1 1.5 2

1 2 3 4 5 6
1 2 3

1 2
1 2 3 4

1
2
3
4

1

2
𝐾𝐾1 = 𝐸𝐸𝐼𝐼

1.5 −1.5 −1.5 −1.5
−1.5 2 1.5 1
−1.5 1.5 1.5 1.5
−1.5 1 1.5 2

2 3
3 4 5 6

3
4
5
6  

2

3
𝐾𝐾2 = 𝐸𝐸𝐼𝐼

1.5 −1.5 −1.5 −1.5
−1.5 2 1.5 1
−1.5 1.5 1.5 1.5
−1.5 1 1.5 2

𝑲𝑲𝟏𝟏

𝑲𝑲𝟐𝟐

Euler-Bernoulli Beam Example: Assembly (Global Equation)
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𝐸𝐸𝐼𝐼

1.5 −1.5 −1.5 −1.5 0 0
−1.5 2 1.5 1 0 0
−1.5 1.5 3 0 −1.5 −1.5
−1.5 1 0 4 1.5 1

0 0 −1.5 1.5 1.5 1.5
0 0 −1.5 1 1.5 2

𝑢𝑢1
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4
𝑢𝑢5
𝑢𝑢6

=
1
3

−30
10
−60

0
−30
−10

+

𝑉𝑉𝑅𝑅
𝑀𝑀𝑅𝑅
0
0

−10
−15

10 kN/m
10 kN

15 kNm4 mVR

MR

1

1 1 2

3 52 4 6

2 3

Euler-Bernoulli Beam Example: Assembly (Global Equation)
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𝐸𝐸𝐼𝐼

1.5 −1.5 −1.5 −1.5 0 0
−1.5 2 1.5 1 0 0
−1.5 1.5 3 0 −1.5 −1.5
−1.5 1 0 4 1.5 1

0 0 −1.5 1.5 1.5 1.5
0 0 −1.5 1 1.5 2

𝑢𝑢1
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4
𝑢𝑢5
𝑢𝑢6

=
1
3

−30
10
−60

0
−30
−10

+

𝑉𝑉𝑅𝑅
𝑀𝑀𝑅𝑅
0
0

−10
−15

0
0

1

1 1 2

3 52 4 6

2 3

Euler-Bernoulli Beam Example: Boundary Condition
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𝐸𝐸𝐼𝐼

1.5 −1.5 −1.5 −1.5 0 0
−1.5 2 1.5 1 0 0
−1.5 1.5 3 0 −1.5 −1.5
−1.5 1 0 4 1.5 1

0 0 −1.5 1.5 1.5 1.5
0 0 −1.5 1 1.5 2

0
0
𝑢𝑢3
𝑢𝑢4
𝑢𝑢5
𝑢𝑢6

=
1
3

−30
10
−60

0
−30
−10

+

𝑉𝑉𝑅𝑅
𝑀𝑀𝑅𝑅
0
0

−10
−15

Unknown Displacements Unknown Forces

6543 ,,, uuuu MV ,

Euler-Bernoulli Beam Example: Boundary Condition
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







=
















k

u

u

k

kukk

uuuk

F
F

u
u

KK
KK

[ ]{ } [ ]{ } { }kkkkuku FuKuK =+

[ ]{ } [ ]{ } { }ukukuuu FuKuK =+

⇒

Determine 
Unknown 
Displacement uu

Determine 
Unknown 
Forces Fu

𝐸𝐸𝐼𝐼

1.5 −1.5 −1.5 −1.5 0 0
−1.5 2 1.5 1 0 0
−1.5 1.5 3 0 −1.5 −1.5
−1.5 1 0 4 1.5 1

0 0 −1.5 1.5 1.5 1.5
0 0 −1.5 1 1.5 2

0
0
𝑢𝑢3
𝑢𝑢4
𝑢𝑢5
𝑢𝑢6

=
1
3

−30 + 3𝑉𝑉𝑅𝑅
10 + 3𝑀𝑀𝑅𝑅
−60

0
−60
−55

Euler-Bernoulli Beam Example: Solution
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⟹ 𝐸𝐸𝐼𝐼

3 0 −1.5 −1.5
0 4 1.5 1

−1.5 1.5 1.5 1.5
−1.5 1 1.5 2

𝑢𝑢3
𝑢𝑢4
𝑢𝑢5
𝑢𝑢6

=
1
3

−60
0

−60
−55

⟹

𝑢𝑢3
𝑢𝑢4
𝑢𝑢5
𝑢𝑢6

=
1
3𝐸𝐸𝐸𝐸

−450
370

−1240
380

𝐸𝐸𝐼𝐼

1.5 −1.5 −1.5 −1.5 0 0
−1.5 2 1.5 1 0 0
−1.5 1.5 3 0 −1.5 −1.5
−1.5 1 0 4 1.5 1

0 0 −1.5 1.5 1.5 1.5
0 0 −1.5 1 1.5 2

0
0
𝑢𝑢3
𝑢𝑢4
𝑢𝑢5
𝑢𝑢6

=
1
3

−30 + 3𝑉𝑉𝑅𝑅
10 + 3𝑀𝑀𝑅𝑅
−60

0
−60
−55

Euler-Bernoulli Beam Example: Solution
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⟹ 𝐸𝐸𝐼𝐼 −1.5 −1.5 0 0
1.5 1 0 0

𝑢𝑢3
𝑢𝑢4
𝑢𝑢5
𝑢𝑢6

=
1
3
−30 + 3𝑉𝑉𝑅𝑅
10 + 3𝑀𝑀𝑅𝑅

⟹ 𝐸𝐸𝐼𝐼 −1.5 −1.5 0 0
1.5 1 0 0

1
3𝐸𝐸𝐸𝐸

−450
370

−1240
380

=
1
3
−30 + 3𝑉𝑉𝑅𝑅
10 + 3𝑀𝑀𝑅𝑅

⟹ 𝑉𝑉𝑅𝑅
𝑀𝑀𝑅𝑅

= 50
105

𝐸𝐸𝐼𝐼

1.5 −1.5 −1.5 −1.5 0 0
−1.5 2 1.5 1 0 0
−1.5 1.5 3 0 −1.5 −1.5
−1.5 1 0 4 1.5 1

0 0 −1.5 1.5 1.5 1.5
0 0 −1.5 1 1.5 2

0
0
𝑢𝑢3
𝑢𝑢4
𝑢𝑢5
𝑢𝑢6

=
1
3

−30 + 3𝑉𝑉𝑅𝑅
10 + 3𝑀𝑀𝑅𝑅
−60

0
−60
−55

Euler-Bernoulli Beam Example: Solution
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𝑤𝑤 =
𝑃𝑃𝑥𝑥2

6𝐸𝐸𝐸𝐸 3𝐿𝐿 − 𝑥𝑥 +
𝑞𝑞𝑥𝑥2

24𝐸𝐸𝐸𝐸 𝑥𝑥2 + 6𝐿𝐿2 − 4𝐿𝐿𝐿𝐿 +
𝑀𝑀𝑥𝑥2

2𝐸𝐸𝐸𝐸q
P

M

L

𝑤𝑤𝐿𝐿/2 = −
450
3𝐸𝐸𝐸𝐸

𝑤𝑤𝐿𝐿 = −
1240
3𝐸𝐸𝐸𝐸

VR

MR

𝑉𝑉𝑅𝑅 = 50 kN

𝑀𝑀𝑅𝑅 = 105 kNm

𝜃𝜃𝐿𝐿/2 =
380
3𝐸𝐸𝐸𝐸

𝜃𝜃 =
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

q = -10 kN/m
P = -10 kN
M = -15 kNm
L = 4
EI = Constant

Analytical 
(Strength of Materials)

FEM

𝜃𝜃𝐿𝐿/2 =
370
3𝐸𝐸𝐸𝐸

𝑤𝑤𝐿𝐿/2 = −
450
3𝐸𝐸𝐸𝐸

𝑤𝑤𝐿𝐿 = −
1240
3𝐸𝐸𝐸𝐸

𝑉𝑉𝑅𝑅 = 50 kN

𝑀𝑀𝑅𝑅 = 105 kNm

𝜃𝜃𝐿𝐿/2 =
380
3𝐸𝐸𝐸𝐸

𝜃𝜃𝐿𝐿/2 =
370
3𝐸𝐸𝐸𝐸

𝐿𝐿/20 𝐿𝐿

Euler-Bernoulli Beam Example: Solution
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Shape Functions

𝜙𝜙1𝑒𝑒 = 1 − 3
𝑥̅𝑥
ℎ

2
+ 2

𝑥̅𝑥
ℎ

3

𝜙𝜙2𝑒𝑒 = −𝑥̅𝑥 1 −
𝑥̅𝑥
ℎ

2

𝜙𝜙3𝑒𝑒 = 3
𝑥̅𝑥
ℎ

2
− 2

𝑥̅𝑥
ℎ

3

𝜙𝜙4𝑒𝑒 = −𝑥̅𝑥
𝑥̅𝑥
ℎ

2
−
𝑥̅𝑥
ℎ

0 0.2 0.4 0.6 0.8 1
-0.2

-0.1

0

0.1

0.2

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

𝜙𝜙1𝑒𝑒 𝜙𝜙3𝑒𝑒

𝜙𝜙2𝑒𝑒

𝜙𝜙4𝑒𝑒

1

1 1 2

3 52 4 6

2 3

⇒ 𝑤𝑤2 𝑥̅𝑥
= 𝑢𝑢3𝜙𝜙12 𝑥̅𝑥 + 𝑢𝑢4𝜙𝜙22 𝑥̅𝑥
+ 𝑢𝑢5𝜙𝜙32 𝑥̅𝑥 + 𝑢𝑢6𝜙𝜙42 𝑥̅𝑥

⇒ 𝑤𝑤1 𝑥̅𝑥
= 𝑢𝑢1𝜙𝜙11 𝑥̅𝑥 + 𝑢𝑢2𝜙𝜙21 𝑥̅𝑥
+ 𝑢𝑢3𝜙𝜙31 𝑥̅𝑥 + 𝑢𝑢4𝜙𝜙41 𝑥̅𝑥

Euler-Bernoulli Beam Example: Post-processing

𝑤𝑤𝑒𝑒 𝑥̅𝑥 = �
𝑗𝑗=1

4

𝜙𝜙𝑗𝑗𝑒𝑒 𝑢𝑢𝑗𝑗𝑒𝑒

NPTEL



1

1 1 2

3 52 4 6

2 3

𝑀𝑀 𝑥̅𝑥 = 𝐸𝐸𝐸𝐸
𝑑𝑑2𝑤𝑤 𝑥̅𝑥
𝑑𝑑𝑥𝑥2

Euler-Bernoulli Beam Example: Post-processing

⇒ 𝑀𝑀 𝑥̅𝑥 = 𝐸𝐸𝐸𝐸�
𝑗𝑗=1

4 𝑑𝑑2𝜙𝜙𝑗𝑗𝑒𝑒

𝑑𝑑𝑥𝑥2
𝑢𝑢𝑗𝑗𝑒𝑒

Shape Functions

𝜙𝜙1𝑒𝑒 = 1 − 3
𝑥̅𝑥
ℎ

2
+ 2

𝑥̅𝑥
ℎ

3

𝜙𝜙2𝑒𝑒 = −𝑥̅𝑥 1 −
𝑥̅𝑥
ℎ

2

𝜙𝜙3𝑒𝑒 = 3
𝑥̅𝑥
ℎ

2
− 2

𝑥̅𝑥
ℎ

3

𝜙𝜙4𝑒𝑒 = −𝑥̅𝑥
𝑥̅𝑥
ℎ

2
−
𝑥̅𝑥
ℎ

0 0.2 0.4 0.6 0.8 1
-0.2

-0.1

0

0.1

0.2

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

𝜙𝜙1𝑒𝑒 𝜙𝜙3𝑒𝑒

𝜙𝜙2𝑒𝑒

𝜙𝜙4𝑒𝑒NPTEL



Euler-Bernoulli Beam Example: Convergence

No. of elements
0 2 4 6 8 10

%
 E

rro
r i

n 
di

sp
la

ce
m

en
t

0

1

2

3

4

10 kN/m

4 m

10 kN/m
10 kN

15 kNm
4 m

10 kN

4 m

Solution 5th order

Solution 4th order

Solution 3rd order

% 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 =
max 𝑤𝑤𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 − 𝑤𝑤𝐹𝐹𝐹𝐹𝐹𝐹

𝑤𝑤𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
× 100
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Finite Element Method
Week 6: Finite element formulation for plane trusses and frames
Lecture 31: Analysis of Plane Frame (Computer Implementation)

Biswanath Banerjee 
Associate Professor
Department of Civil Engineering
IIT Kharagpur

Amit Shaw
Associate Professor
Department of Civil Engineering
IIT Kharagpur
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𝑥̅𝑥�𝑦𝑦�𝑢𝑢1𝑒𝑒, �𝑄𝑄1𝑒𝑒

�𝑢𝑢2𝑒𝑒, �𝑄𝑄2𝑒𝑒
2

1

�𝑢𝑢5𝑒𝑒, �𝑄𝑄5𝑒𝑒
�𝑢𝑢4𝑒𝑒, �𝑄𝑄4𝑒𝑒

�𝑢𝑢3𝑒𝑒, �𝑄𝑄3𝑒𝑒

�𝑢𝑢6𝑒𝑒, �𝑄𝑄6𝑒𝑒

e

𝜇𝜇 =
𝐴𝐴ℎ2

2𝐼𝐼𝑒𝑒

Recall: Element Formulation

𝑥𝑥
𝑦𝑦

�𝐾𝐾𝑒𝑒 =
2𝐸𝐸𝑒𝑒𝐼𝐼𝑒𝑒
ℎ3

𝜇𝜇 0 0 −𝜇𝜇 0 0
0 6 −3ℎ 0 −6 −3ℎ
0 −3ℎ 2ℎ2 0 3ℎ ℎ2
−𝜇𝜇 0 0 𝜇𝜇 0 0
0 −6 3ℎ 0 6 3ℎ
0 −3ℎ ℎ2 0 3ℎ 2ℎ2

1 2 3 4 5 6

4
3
2
1

6
5

1 2

1

2

�𝐾𝐾𝑒𝑒 �𝑢𝑢𝑒𝑒 = �𝐹𝐹𝑒𝑒
NPTEL



�𝑢𝑢1𝑒𝑒

�𝑢𝑢2𝑒𝑒
2

1

�𝑢𝑢5𝑒𝑒
�𝑢𝑢4𝑒𝑒

�𝑢𝑢3𝑒𝑒

�𝑢𝑢6𝑒𝑒

e

𝑢𝑢1𝑒𝑒

𝑢𝑢2𝑒𝑒
2

1

𝑢𝑢5𝑒𝑒
𝑢𝑢4𝑒𝑒

𝑢𝑢3𝑒𝑒

𝑢𝑢6𝑒𝑒

e

𝑥𝑥
𝑦𝑦

𝑥̅𝑥�𝑦𝑦

�𝑢𝑢𝑒𝑒 = 𝑇𝑇𝑒𝑒 𝑢𝑢𝑒𝑒

Recall: Element Formulation

𝑇𝑇𝑒𝑒 =

cos𝛼𝛼 sin𝛼𝛼 0 0 0 0
− sin𝛼𝛼 cos𝛼𝛼 0 0 0 0

0 0 1 0 0 0
0 0 0 cos𝛼𝛼 sin𝛼𝛼 0
0 0 0 − sin𝛼𝛼 cos𝛼𝛼 0
0 0 0 0 0 1

1 2

1

2

�𝐹𝐹𝑒𝑒 = 𝑇𝑇𝑒𝑒 𝐹𝐹𝑒𝑒

𝐾𝐾𝑒𝑒 𝑢𝑢𝑒𝑒 = 𝐹𝐹𝑒𝑒

𝐾𝐾𝑒𝑒 = 𝑇𝑇𝑒𝑒 𝑇𝑇 �𝐾𝐾𝑒𝑒 𝑇𝑇𝑒𝑒

NPTEL



Plane Frame: Example

4 m

4 m

10 kN

NPTEL



Garbage In, Garbage Out

GIGO
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