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In This Week

« Application of FEM to Plane Truss and Frame Problems
e Computer Implementation

e Concept of Error and Convergence



Steps in Finite Element Method

| Boundary Value Problem

| Discretization of the Domain

| Derivation of Element Equations

l Assembly of Element Equations based on Element Connectivity
| Imposition of Boundary Conditions
} Solutions
Post-processing




Recall: Element Formulation
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Recall: Element Formulation
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Element Formulation
Plane Truss
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Element Formulation
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Element Formulation
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Element Formulation
Plane Frame
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Element Formulation
Truss Vs. Frame
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Element Formulation
Transformation from Local Coordinate to Global Coordinate
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Transformation from Local Coordinate to Global Coordinate
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Transformation from Local Coordinate to Global Coordinate
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Transformation from Local Coordinate to Global Coordinate
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Transformation from Local Coordinate to Global Coordinate
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Summary: Truss
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FE Analysis of Plane Truss: Example




Recall: Truss

Element Stiffness Matrix in Local Coordinate
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Recall: Truss
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Recall: Truss

Load Vector
{Fe} = [T°]"{F°}
= {Q°} = [T°]"{Q°}

Element Equation
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FE Analysis of Plane Truss: Example

Recall: Steps In Finite Element Method

 Boundary Value Problem

e Discretization of the Domain
o Derivation of Element Equations

* Assembly of Element Equations based on
Element Connectivity

* Imposition of Boundary Conditions
e Solutions Today’s Focus

e Post-processing



Step 1: Discretization




Step 1: Discretization

Element | Global nodes | Geometric a
Number | of the element | and Material
(1-2) properties

1 3-1 AE L |60°

2 2-1 AE L |1200

3 3-2 AEL | 0
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Step 1: Discretization

Element | Global nodes | Geometric o
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Step 2: Element Equation
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Step 2: Element Equation
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Step 2: Element Equation
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Step 3: Assembly of Element Equation Based on Element Connectivity

* [nter-element continuity of the
primary variables
(displacement compatibility)

. Inter-element equilibrium of the
secondary variable
(force equilibrium)




Step 3: Assembly of Element Equation Based on Element Connectivity

. Compatible
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Step 3: Assembly of Element Equation Based on Element Connectivity
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Step 3: Assembly of Element Equation Based on Element Connectivity
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Step 3: Assembly of Element Equation Based on Element Connectivity
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Step 3: Assembly of Element Equation Based on Element Connectivity

@
AE

L

1/4
J3/4
~1/4

-3/4

1/4

—/3/4

~1/4

| 3/4

V/3/4

3/4

—/3/4

~3/4

—/3/4

3/4
J3/4

~3/4

~1/4

_\/§/4
1/4

J3/4

_1/4
J3/4
1/4
_\/§/4

_\/§/4_

-3/4
V3/4

3/4

J3/4

~3/4

3/4

—/3/4

"y6
U1

»>U -

-

w

)

(3
1

Qs
Qs

O O O u§->u6
> =<
0 1 0 H§—>U3
0 O O_knj’—fuzy
1 _ ..2 _
Uz = Uz = Uq
1 _ .2 _
Uyg = Uy = U
2 _ .3 _
Uy = Uz = Uz
us = u; = uy
ui = uj = Us
us = uz = uq

3
y

Compatibility



Step 3: Assembly of Element Equation Based on Element Connectivity
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Step 3: Assembly of Element Equation Based on Element Connectivity
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Step 3: Assembly of Element Equation Based on Element Connectivity
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Step 3: Assembly of Element Equation Based on Element Connectivity
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Step 3: Assembly of Element Equation Based on Element Connectivity

@

A—LE{—]/4 ~\3/4 14 \3/4f

0

o O O O

0

o O O O

3

5

(@]

o

U
u
u

u

2)

0

o O O O

Y4+Y4 3/4-3[4 —14 3[4 Y4 —3/4|(u] [Qi+Qf

0

o O O O

@
AE
0 0 u, 0
0 0 U, 0
J L =4 S
0 0 u, 0
0 0 Ug 0
0 0 |lug 0

2
- = (s




Step 3: Assembly of Element Equation Based on Element Connectivity
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Step 3: Assembly of Element Equation Based on Element Connectivity
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Step 3: Assembly of Element Equation Based on Element Connectivity
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Step 3: Assembly of Element Equation Based on Element Connectivity
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Step 3: Assembly of Element Equation Based on Element Connectivity
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Step 3: Assembly of Element Equation Based on Element Connectivity

External Forces
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Step 4: Imposition of Boundary Conditions
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Step 4: Imposition of Boundary Conditions
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Step 5: Solution
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Step 5: Solution
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Step 5: Solution
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Step 5: Solution U,
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Step 5: Solution
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FE Analysis of Plane Truss: Example

Recall: Steps In Finite Element Method

 Boundary Value Problem
o Discretization of the Domain
o Derivation of Element Equations

* Assembly of Element Equations based on
Element Connectivity

* Imposition of Boundary Conditions
e Solutions
e Post-processing




FE Analysis of Plane Truss: Example

Recall: Steps In Finite Element Method

 Boundary Value Problem
o Discretization of the Domain
o Derivation of Element Equations

« Assembly of Element Equations based on
Element Connectivity

* Imposition of Boundary Conditions
e Solutions
e Post-processing




Step 3: Assembly of Element Equation Based on Element Connectivity

5 6 1 2
14 3/  —14 —3/4|(us

@
AE

L

J3/4 34
~14  —./3/4
-~/3/4 -3/4
3 4
ya  —\3/4
—J3/4  3/4
~1/4  /3/4
V3/4 -3/4

—/3/4
1/4
V3/4

1
_1/4
J3/4

1/4
_\/§/4

-3/4
V3/4

3/4

2_
V3/4 ||

-3/4
_\/§/4

3/4

6

0
0
0
0




K]

AE

L

K?]

= 5

V3/4
~1/4

—/3/4

= 3
. 4
_\/§/4
/4
| /3/4

6
J3/4
3/4
~/3/4

~3/4

4
~/3/4
3/4
J3/4

~3/4

5 6

o O O O

-1 0

1

1
~1/4
—/3/4
1/4
J3/4

1
_1/4
J3/4

14

—\/3/4

3 4

IOOO
A W o o

2

—/3/4

-3/

J3/4

3/4 |

2
J3/a

~3/4

—+/3/4

3/4 |

N P O O

N B Ww

________________________________________




K]

AE

L

K?]

= 5

J3/4
~1/4
—/3/4

= 3
. 4
_\/§/4
/4
| /3/4

6 1 2
J3/a  —ys —\3/4
3/4 —3/4 -3/4
~J3/4 |y4  J3/a
~3/4 [J3/4 34 ||

4 1 2
~J3/4a -1a  3/4 ]
3/4  J3/4 -3/4
J3/a | vy4a  —3/a
~3/4 | -3/4 34 |

5 6 3 4

(1 0 -1 0]5
0 0 016

-1 0 1 0]3

0 0 0 |4

S
6
1
2

N B Ww

________________________________________




1 2 3 4 5 6
K']= s 6 1 2 1 1 J3
Cys B4 -ys B4l 2 0iTy 4 0 0
AE| V3/4  3/4  -3/4 -3/4 6 : i
L | -y4 -+3/4 y4 J3/4 |1 0 343 3 ' g 0
—J3/4 —3/4 34 34 |2 24 T4
K?|l= 3 4 1 2 | :
[ ] Y4 —\3/a —1y4 3/4 3 0 0+ 0 0 0 0
AE|-~3/4 34  3/4 -3/4 |4 [K]: | :
L||-ya 3/a | ya —3/4]|1 0 0! O 0 0 0
[V3/4 —-3/4 |-3/4 34 |2| AE
5 6 3 4
K= rooa o Ll o o0 0! 0 o
AE 0 06
L|-10 1 03 0 0: O 0 0 0
0 0 0|4 B




K= s 6 1
Y4 34 -y4
AE| V3/4 34 —.3/4
L || -y4 -+3/4| 1/4
|-v3/a -3/4 | 3/4
K?|]= 3 4 1
Y4 -+3/4  -1/4
AE|-+3/4 3/4 3[4
L | -1y4 3/4 4
J3/4a -3/4 —\3/4
5 6 3 4
K= r1 0 -1 05
AE| 0 0 016
L|l-10 1 03
0 0 0 |4

2

—/3/4

-3/

J3/4

3/4 |

2
J3/a

~3/4

—+/3/4

3/4 |

N P O O

N B Ww

1 2|3 4 5 §)
1, 148 11 48
2 4 4 4 4
s 31438 3 143 3

214 4 1 4 4

________________________________________




K]

AE

L

K?]

= 5

V3/4
~1/4

—/3/4

= 3
. 4
_\/§/4
/4
| /3/4

6
J3/4
3/4
~/3/4

~3/4

4
~/3/4
3/4
J3/4

~3/4

5 6

o O O O

1

1 2
~1y4  —43/4
~J3/4  —3/4
/4  /3/4
J3/4 34

1 2
~14 3/ |
J3/4  —3/4
Y4 —+/3/4
~J3/4 34 |

3 4

-1 0}5

016
013
0 |4

N P O O

N B Ww

________________________________________

3 4 5
1 v3 01
4 4 4
V3 3 148
54 4 4
0 0 ! 0
0 0 ! 0
0 0! 0
0 0! 0




1 2 3 4 5 6
K= s 6 1 2 1 1 3 1 43
Y4 B —ya -3l 2 ViTaa iTad s

AE| VB/4 34 —\3/a -g/a o : i
L | —y4 —3/4 yas 3/41 0 3143 3 143 3
s ya s 3 2.2 a4 4
[Kz]zs 4 1 2 1 3§ _ﬁ 0 0
Y4 —3/4| -ya4  J3/4 |3 4 4 4 4 |
AE(|-V3/4 3/4 | 3/4 -3/4 |4 [K]: i i
L | —ya J3/a y4a —\3/4]|1 J3 31 43 3 0 0
V3/4 34 —\3/a 34 2| AE| 4 1 j_T 2
e 5 g _f (‘)‘_5 L 0 0.0 0! 0 0
AE 0 016
L|-1 01 o3 0 0: 0 0 0 0
0 0 0|4 B




K= s 6
- 1/4 J3/4
AE| +3/4  3/4
L | -4 -+3/4
—\J3/4 -3/4
K?]= 3 4
Y4 —+3/4
AE|-+3/4  3/4
L | -y4 3/4
J3/4  -3/4

5 6

K= 1 o
AE| 0 0

L [-1 0

0 0

-1 0

1

1
~1/4
—/3/4
1/4
J3/4

1
_1/4
J3/4

14

—\/3/4

3 4

IOOO
A W o o

2

—/3/4

-3/

J3/4

3/4 |

2
J3/a

~3/4

—+/3/4

3/4 |

N P O O

N B Ww

1 2 | 3 4
1 1 3
2 Cia a4
o 343 3
__________ e S N S e
NP R B}
+ 44 4
BB 31483
4 44 A
0 00 0.
0 0.0 0.




—/3/4

K?]= 3
1/4
AE | —+/3/4
L | -14
| V3/4

6 1 2
V3/a | —ys —3/4
34 |-43/4 -3/4
~J3/4  y4  3/4
~3/4  \f3/4 34

4 1 2
~J3/4a  -1a 34 ]
34 3/4 -3/4
J3/4 Y4 —J3/4
~3/4 —3/4 34

5 6 3 4

(1 0 -1 0]5
0 0 016

-1 0 1 03

0 0 0 |4

N P O O

N B Ww

1 2 | 3 4 5 6
1 o 11 N3 2 1 N3
2 4 4 4 4
o 3i¥3 3 148 3
214 4 | 4 4
B S I R CE T
& a4 4
V3 3148 31 o
4 4 . 4 4
= —?i 0 0! 0 O




K!|= s
4
AE| +/3/4
L| -4
-/3/4
K?]= 3
14
AE | —+/3/4
L| -ya
| V3/4
K-
AE
L

6 1
J3/a —1/4
3/4  —4/3/4
~3/4 14
~3/4  4/3/4

4 1
~J3/4  -1/4
34 +/3/4
J3/a 14
~3/4  —43/4

5 6 3 4

(1 0|-1 0|5
0 0 0||6

-1 0 1 03

0 0 |4

2

—/3/4

-3/

J3/4

3/4 |

2
J3/a

~3/4

—+/3/4

3/4 |

N P O O

N B Ww

________________________________________




K= s 6 1
Y4 J3/a| -4
AE|[V3/4  3/4 | —f3/4
L | -y4 -J3/4 1/4
—V3/4  -3/4  3/4
K?|]= 3 4 1
Y4 -+3/4  -1/4
AE|-+3/4 3/4 3[4
L | -1y4 3/4 4
J3/4a -3/4 —\3/4

5 6 3 4

K*|= 1 0]-1 0]s
AE|[0 0 016
L|l-10 1 03

0 0 0 |4

2

—/3/4

-3/

J3/4

3/4 |

2
J3/a

~3/4

—+/3/4

3/4 |

N P O O

N B Ww

________________________________________

3
148
4 4
V3 3
54 4
°
4
Iﬁs
4
-1
0




K!|= s
4
AE| +/3/4
L| -4
-/3/4
K?]= 3
14
AE | —+/3/4
L| -ya
| V3/4
K-
AE
L

6
J3/4
3/4
~/3/4

~3/4

4
~/3/4

3/4
J3/4

~3/4

5 6

o O O O

1

~1/4

—~+/3/4

1/4
J3/4

1
_1/4
J3/4

14

—\/3/4

3 4
-1 0]

IOOO
A W o o

2

—/3/4

-3/

J3/4

3/4 |

2
J3/a

~3/4

—+/3/4

3/4 |

N P O O

N B Ww

________________________________________




im‘rn_[ IR



NPTEL ONLINE CERTIFICATION COURSES

Finite Element Method

Week 6: Finite element formulation for plane trusses and frames
Lecture 30: Analysis of Euler-Bernoulli Beam (Computer Implementation)

Biswanath Banerjee Amit Shaw

Associate Professor Associate Professor
Department of Civil Engineering Department of Civil Engineering
IIT Kharagpur IIT Kharagpur



Recall: Element Formulation (Euler-Bernoulli Beam)

ﬁm f(x)
A

Element: Building block

ur =wi f(x) u§=wg

ug; = 65
1 1,,E,, L, 2
Y
08 08

v
X

Shape Functions

ot =1-3(

Le

—\ 2

x) +2<x




Recall: Element Formulation (Euler-Bernoulli Beam)

f(x) Element Equation
1 2
Am 6 “BLei =6 S3Lqufy  (ff) ()

2Eele| -3L, 2L 1 3L, Ly |Jusl _Jfsl JOs|
Element: Building block Ly | =6 3L 1 6 3L, [|us f3 3| -
—3L, < L% 1 3L, 2L 1 \u§) gfj LQEJJ
- ! S\
uf =wi  f(x) u§ =w;s ' hd
ué = 6¢ Element ‘Element  Element Load
’ Stiffness Matrix Displacement Vector
1le,EeLe 2 Vector
QS‘\TJ A\T/Q‘*
X L _ — —
Qf Qs fif=l. dif(x)dx = [ ¢; (O)f (X) dx

\/ | L
Yf_;c_/l n



Recall: Element Formulation (Euler-Bernoulli Beam)

f(x) Element Equation
1 . 2
- —3hi —6 —3h] (W ) D)
A 6 3hi —6 —3h] (W) rfle Q)

2Eele[—3n  2h% 1 3h R? | U5 f:
T A B R S DL S

Element: Building block 3 | -6 3h i 6 3h||us f3 3| -
—3h < h*71 3h 2R%1\ug)  \fe)  \Q
“ | i\l Y,
ui =wy  f(x) u§=ws ' '
ué = 6¢ Element ‘Element  Element Load
e e Stiffness Matrix Displacement Vector
erLesLe 0 Vector
QS‘\TJ A\T/Q‘*
X h — — —
Q1 Qs fif=l; dif () dx = [ ¢7(O)f (%) dx

Y L L
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Euler-Bernoulli Beam: Example
10 kN
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Euler-Bernoulli Beam Example: Discretization

10 kN
‘lllllllllllD
~ 4m 15 kNm

Element | Global nodes | Geometric
Number | of the element | and Material
(1-2) properties
1 1-2 E,Jl,h=2
2 2-3 E,Jl,h=2




Euler-Bernoulli Beam Example: Element Formulation

10 kN
10 kN/m —
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Euler-Bernoulli Beam Example: Element Formulation
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Euler-Bernoulli Beam Example: Assembly (Global Equation)
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Euler-Bernoulli Beam Example: Assembly (Global Equation)
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Euler-Bernoulli Beam Example: Boundary Condition
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Euler-Bernoulli Beam Example: Boundary Condition
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Euler-Bernoulli Beam Example: Solution

15 —15 —15 -15 0 0 7(0)  (=30+3Vq
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Euler-Bernoulli Beam Example: Solution
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Euler-Bernoulli Beam Example: Solution
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Euler-Bernoulli Beam Example: Solution
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Euler-Bernoulli Beam Example: Post-processing

L @ 2 @
we(@) = ) &5 uf
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Euler-Bernoulli Beam Example: Post-processing

Shape Functions
1 3 5 : _ 2 _.3

D S S BT P R

I @ 2 @ 3
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dx?
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dx2
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Euler-Bernoulli Beam Example: Convergence

% Error in displacement

_____ 10 kKN/m

Solution 5t order E
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L 10 kN
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Solution 4t cl\rder TT T T LTI 1?’)
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Recall: Element Formulation




Recall: Element Formulation

1 ! 2
-cosa  sina 0 ! O 0 01
—sina cosa 0 1 O 0 0
ey Z |-~ 0140 o ol
0 0 0 ' cosa sina 0
0 0 0 —sina cosa O
0 0 0:' 0 0 1

wey = [T’}
{Fe}=[T°|{F°}
[K€] = [T°]"[K°]IT*]

[K€J{u®} = (F€}




Plane Frame: Example
10 kN
4 m

4 m



Garbage In, Garbage Out
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